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V. Malakhovsky

About one class of congruences of conics
in three dimensional projective space

In three dimensional spaceP3 two-parametric family (congruence) of
conics with two focal points A4, and A, are investigated. Tangent lines to
conic in these points are asymptotic tangent to the surface (Ao) and inter-
sect at characteristic point AO of the plane of the conic. The tangents to

lines on (A,;) corresponding to focal lines on the surface (A;)
(@, j,k =12, i# j) are asymptotic tangent to the plane (A4;) and in-

tersect in characteristic point A of the plane (4,4, 4,).
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KoHrpyaHumsi KBaApuK B TPEXMEPHOM NPOEKTUBHOM
NPOCTPaHCTBE, aCCOLUUPOBaHHas C Napoii NOBEpPXHOCTEN

Hccnenyercs aBymapaMeTpudyeckoe CeMeHCTBO (KOHTPYdH-
) K, kBaapuk Q B TPEXMEPHOM IPOSKTUBHOM IIPOCTPAHCTBE
P;, obmapgatromee cieIyrOIMME CBOMCTBaMI: Ha KaXKJON KBaJpUKe
QO € K, nmerotcs e pasiudHble poKanbHble TOUKH A U Aj, (o-

KaJIbHBIC KacaTeJbHbIC B KOTOPBIX MEPECEKAIOTCS B OJHON TOYKE
Ay ¥ SBJIAIOTCS aCHMIITOTUYECKAMHU KacaTeJIbHBIMH MTOBEPXHOCTU
(Ay), a KacaTembHBIC K JIMHUSAM Ha MOBEPXHOCTH (A;), COOTBETCT-
BYIOIIMM (OKaJIbHBIM JIMHUSM Ha MOBEPXHOCTH (Aj) (i, j, k=1, 2;
I # ]), TaKKe TIEPECEKAlOTCS B TOUKE Az U SBISIIOTCS ACHMIITOTH-

YECKHMH KacaTeIbHBIMU MOBEPXHOCTH (Aj3), IPUYEM aCUMITOTH-
YECKHE JIMHUH, orubaeMble KacaTelbHbIMU AgA; U A3A;, COOTBET-
CTBYIOT, Ay M A; TIOJIIPHO COTIPSIKECHBL.
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Knioueswle cnosa: xBagpuka, KOHTPyIHIUs, aCUMITOTHYECKas Kaca-
TeJbHasA, (OKaJIbHAS TOUYKA, BHEIIHee auddepeHImpoBanmue, Tope, rap-
MOHHYECKOE JIeTICHHUE.

1. Cucrema ypaBuennii Ilpadda xourpysnnmnu K,

VYpasuenue kBaapuku ( € K, mpu COOTBETCTBYIOLICH HOPMH-

POBKE BEpILMH perepa {Aa} (a, B,y =0,1,2,3) 3amuiercs B BUAC

def
F=2x'x*=(x")" = (x)* =0. (1.1)
Hcnons3ys crpykrypasie Gpopmsl Touku M € P, [1, c. 51]
Q7 =dx” +x" ) +6x", (1.2)

df=0,10 ectb @ — nuipdepennman HeKOTOPOit HYHKIMH, OTYIHM
1 (1 2 0 0)2
—EdF—(E(a)ﬁa)Q)—a)oj(x ) +
1 2
+(E(a)ll+a)22)—a)33)(x3) +x°x (0" - ) + (1.3)

+x°x? (a)l - a)g) +x'x’ (a)f - a)f) +x°x (a)3l - a)23) + 6F.
W3 onpenenenust kourpysnuuu K2 cnegyer
3 0 2 | 3 2, 3 |
w,=0,0, =0, =0, 0, =0, & =mo"; @, =mw,

0 _ 2 0 _ 1 2 0 _ | 2
W, =nw;, @, =nw,, O+, -2, =a,0 +a,0,

(1.4)
o +@: -20] =bo +b,0’, W, =c,&’; @ =c,d,
mnc,c, #0. (1.5)
[Iponomxas noacucremy mndadQoBbIx ypaBHEHHHA
o =mw’, @, =mo', o =nw}, o) =nw,, (1.6)
HOTYyYUM
dm+mQ =0, dn+nQ =0, (1.7)
rae
Q=0 -0 -0’ + o} (1.8)
) W — W, T W :
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Sambikas ypasuenns @ =0, @, =0 u (1.7), nonyanm
(m—n)o’ rw; =0, (m—-n)o' Aw, =0,
(m—n)( @, A’ +0} A@')=0. (1.9)
YuutsiBas B 3TUX ypaBHeHUAX (1.5), Haxoqum

m=n. (1.10)

Cucrema ypaBHenuit Ilpadda xonrpysnmmum K2 cocrout uz
ypaBHEHUI

3 0 2 1 3 2 3 1
w,=0,w,=0,0 =0, w, =0, & =me’, &, =mw,
0 _ 20 _ 1 1 2 0 _ 1 2
W, =me;, ©, =mao;, O, + 0, =20, =a,0 +a,0", (1.11)
| 2 3 | 2 1 2 2 1
o+, =20, =bw +b,w’, 0, =cw’, ®;, =c,0.

Teopema 1.1. Kouepysuyuu K2 cywecmayrom u onpeodensiom-
€5l C NPOU3BOIOM 08YX (DYHKYUL O8YX APSYMEHMO8.
Loxazamenvcmeo. 3ambikanue cuctemsl (1.11) umeer Bug

1 2
aa, A@ +aa, A" =0,

ab A @' +ab, A =0,

i (1.12)
AN = 0,
ac, @' =0,
rie
aa, =da, +a () — @),
aa, =da, +a,(w) — @3),
sb, = db, +b, (@ — @), s
sb, = db, +b,(a — ),
ac =dc, +c/ (o) + 0 - @ - ),
ac, =dc, +c,(@) — o, + @ — ).
HNmeem
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sl=4;,g=6,s2=qg—s1=2,0=s1+2s2 =28,
N=3+3+1+1=8=Q.

Cucrema (1.11) — B WHBOJIONNY U ONIPENCIISACT PEIICHUE C ITPOU3-
BOJIOM JBYX ()YHKIIMH JIByX apTyMEHTOB, 4. T. JI.

2. ®okaJIbHbIE TOYKH KBAa/IpPUKH U AaCCOLIMUPOBAHHbIX KOHUK

Ucnonesys ndaddossr ypasuenus (1.11), sanumem dopmymy
(1.3) B BUzIE

—lszFla)l +F,0’ +0F , Q2.1
2
rae

1 1
F=2a(") +55() —mex’s' +2°x" + epxlx’ —m’, 22)

1 1
F=—a,(x") +=b,(x’) +x°x" —me,x"x* —mx'x’ + e, x7x.
2 2
®oxanbHble TOYKH KBaapuku () € K, ompenensrorcsi CHCTEMON
anredbpanvecKkux ypaBHEHUN
2x'x* = (x")* =(x¥’)* =0,F1=0,F2=0. (2.3)

W3 ypaBHenuti (2.3) cienyer, uto Toukd Al m A2 — cIBOEHHBIE
¢oxanbuble Toukn koHukn QO € K, .

C xaxoii kBagpukoit O € K, accouunpyercs mapa KOHUK
Y1 042 3
@ =2xx—(x) =0, x =0; (2.4)

def
@, =2x'x>—(x’)* =0, x*=0 (2.5)
— xonuku C1 u C2.

®okanbHble TOUKUM KOHUKH Cl omnpenensitorcss CUCTEMOH ai-
rebpandeckux ypaBHeHUH (2.4) v ypaBHCHHEM

x° (%xo (alx1 + a2x2)+ m(c1 (x2 )2 -c, (xl )2 )) =0. (2.6)
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doxanpHBIC TOYKU KOHUKH C2 OmpenersitoTcs CHCTEMOH ai-
rebpandeckux ypaBHeHUH (2.5) v ypaBHECHHEM

x’ (%(blclx2 —b,c,x' )x3 + m(02 (xl )2 -q (xz )2 )j =0. (2.7)

AHanu3upys 3TH CUCTEMbI YPaBHEHUH, yOSKIaEMCsI, YTO TOY-
ku Al (0,1,0,0) u A2 (0,0,1,0) — cnBoeHHbIC (HOKAIBHBIC TOYKH
KaK1Io# n3 acconuupoBaHHBIX KoHUK C1 1 C2.

3. IIpsimonuHeiinbie KOHTpy HIUM (A1A2), (A0A3),
accoNMMPOBaHHbIE ¢ KOHTpysHumeii K,

IlycTs
O=14+1,4,, ¥ =1,4,+1,4 (3.1

— ¢oxycnl coorBercTBeHHO Jyued AlA2 u AOA3. YpaBHeHus
111 POKYCOB ITHX JIydeH U TOPCOB MPSIMOJMHEHHBIX KOHIPYIHIUN
(A1A2) u (AOA3) umerot Buj

e,tl —cts =0, 77 —ce,r; =0; (3.2)
(@) —c(0’) =0, ¢,(0') —c (@) =0. (3.3)
[MpuxoauM K CleIyrOIUM pe3yIbTaTaM.
Teopema 3.1. I. @oxycwr ayueii AIA2 u AOA3 capmonuuecku
oenam coomeemcmeenno mouku A1,A2 u A0,A3.
2. Topcwr npamonunetinvix konepyanyuti (A1A2) u (A043) co-
omeemcmeyom.
3. llpamonuneiinas xouepysnyus (A1A2) eapmonuyna nogepx-

nocmam (A0) u (A3); npamonuneiinas xouepysuyus (A0A3) co-
npsicena nosepxnocmam (A0) u (A3) [2, c. 251].

4. Kourpys>Huuu K20

Onpenenenue 4.1. Konepysuyueii K;) HA3b18AEMCSl KOHSPYIH-

yus K2, yooenemesopsiowas CoomHoueHusm
al=a2=>b1=02=0,cl-c2=0, ¢, #0. (4.1)
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Teopema 4.1. Konepysuyuu Kg cyuecmayiom u onpeoeisitom-

€5l ¢ nPOU3BOAOM 08YX (DYHKYUL OOHO20 ApeyMeHmA.
Loxazamenvcmeo. 3ambikanue cucteMbl ypaBHenuil [ldadda

0

KoHrpysHuuu K, nmeer Bux

(dinc+a —})rw’ =0, (dInc— (0 —@} ) Aw' =0. (4.2)
[Iponomxkas (4.2), Haxoaum

dinc=ao' + po’,

1 2 1 2 (4.3)
W -, =—aw + po.
3ambikas (4.3), moIyInmM
s A® =0, s A0’ =0, (4.4)

rae
sa=da+a(w)-o)), saf=df+ (o) —w;). (4.5)

CrnenmoBaTensHO,

sl=2;g=2 S2=0,0=2,

= 2'

N=1+1=2=0.
Cucrema B MHBOJIIOUMH M ONpPEAEISET PELIEHHE C IPOU3BOJIOM
IBYX (QyHKIMH OZHOTO apryMeHTa, 4. T. 1. iMeem

o =0, =0, o :%(—aa)l+ﬂa)2);
w; :%(oza)1 - fa’). (4.6)

0 .
Teopema 4.2. Konepysnyua K, sensemcs 2010nomHol.
Loxazamenvcmeo.

day =o' A& + @ @) = @' Amcw' + @ Amcw® =
1 0 1 3 1 1 1 2 2

do, =0, NO +0] NO; =mcw ANO +mo° Acw” =

dw, =0 A& + @ A@; =mcod” A@" +mo' Aco' =0,

3 1 3 2 3 2 2 1 1
dw, =0, N\&] + 0, N, =c@ Amo” +co Amo =0.
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V. Malakhovsky, E. Yurova

Congruences of quadrics in three-dimensional projective space
associated with pair of surfaces

Two-parametric family (congruence) K, of quadrics Q in three-dimen-
sional projective space P; is investigated, possessing the following properties:
on each quadric Q € K, there are two different focal points A; and A, at
which focal tangents intersect at one point Ay and are the asymptotic tangents
of the surface (Ay), and the tangents to the curves on the surface (A;) that cor-
responds the focal curves on the surface (A)) (i, j, k=1, 2;i # j) also inter-

sect at one point A3 and are the asymptotic tangents of the surface (A;),
mareover the asymtotic curves that envelop A¢A; and A;A; are corre-
spond, and Ay and A; are polar conjugated.
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Decomposition theorems of conformal Killing forms
on totally umbilical submanifolds

A Riemannian manifold of positive curvature operator has
been studied from many directions. It is well known, that an n-di-
mensional closed Riemannian manifold with positive curvature
operator R is a spherical space form and its Betti numbers
b(M"), ...,b,_1(M") are zero. In addition, we proved that on an
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